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Jordan-von Neumann [5] 1935
1937 Clarkson[4] von Neumann-
Jordan ( $\mathrm{N}\mathrm{J}$ )
Definition 1J $X$ Banach ( ) $X$ $NJ$ $C_{NJ}(X)$
$\frac{1}{C}$ . $\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}\leq C$ $(\forall(x, y)\neq(0,0))$
$C$
$C_{NJ}(X)= \sup_{(x,y)\neq 0}\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}$
Proposition 12([5]) $X$ Banach
(1) $1\leq C_{NJ}.(X)\leq 2$
(2) $C_{NJ}(X)=1\Leftrightarrow X$ :Hilbert





[11] $\mathbb{C}^{2}$ absolute norm
$\mathrm{N}\mathrm{J}$ [12] $\mathbb{C}^{n}$ absolute norm
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$($ strict $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{t}\mathrm{y})_{\text{ }}$





2 $\mathbb{C}^{2}$ absolute norm
$\mathbb{C}^{2}$ absolute norm 1 ( Bonsall-Duncan[2]
Deflnition2.1 $||\cdot||$ $\mathbb{C}^{2}$
(1) $||\cdot||$ absolute ( $||(|z|, |w|)||=||(z, w)||$ $(\forall(z, w)\in \mathbb{C}^{2})$
(2) $||\cdot||$ normalized $||(1,0)||=||(0,1)||=1$
$N_{2}$
$\mathbb{C}^{2}$ absolute normalized norm
Example 22 $\ell_{p}$ -norm( absolute normalized (
$||(z, w)||_{p}=\{$
$(|z|^{p}+|w|^{p})^{1/p}$ if $1\leq p<\infty$ ,
$\max(|z|, |w|)$ if $p=\infty$




$||(z, w)||_{\infty}$ $=$ $\max\{||(z.0)’||’.||(0, w)||\}$
$=$ $\frac{1}{2}\max\{||(z, w)+(z, -w)\mathrm{t}|, ||(z, w)+(-z, w)||\}$
$\leq$ $\frac{1}{2}\max\{||(z, w)||+||(z, -w)||, ||(z, w)||+||(-z, w)||\}$
$=$ $||(z, w)||$
$\leq$ $||(z, 0)||+||(0, w)||$
$=$ $||(z, w)||_{1}$ .
$||\cdot||\in N_{2}$
$\psi(t)=||(1-t, t)||$ $(0\leq t\leq 1)$ .
$\psi$ $[0, 1]$
$\psi(0)=\psi(1)=1$ , $\max\{1-t, t\}\leq\psi(t)\leq 1$
$\Psi_{2}$





$||\cdot||_{\psi}\in N_{2}$ $\psi(t)=||$ ( $1-$ $t$ ) $||_{\psi}(0\leq t\leq 1)$
$\ell_{p}$
$\psi_{p}(t)=\{(1-t)^{p}+t^{p}\}^{1/p}$
TheOrem2.4 $\ell_{p}\text{ }$ absolute normalized D
Definition 2.5 Banach $X$ $x,$ $y\in X(||x||=||y||=$
1, $x\neq y$)}
$|| \frac{x+y}{2}||<1$
Theorem 26 $\psi\in\Psi_{2}$ $\text{ }||\cdot||\psi$ $\psi$
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3 $\mathbb{C}^{n}$ absolute norm
$\mathbb{C}^{n}$ $||\cdot||$ absolute




$||(1,0, \cdots, 0)||=||(0,1,0, \cdots, 0)||=\cdots=||(0, \cdots, 0,1)||=1$ .
$\mathrm{A}\mathrm{a}$
$\ell_{p}$-norms $||\cdot||_{p}$ I absolute normalized :
$||(x_{1}, x_{2}, \cdots, x_{n})||_{p}=\{$
$(|x_{1}|^{p}+\cdots+|x_{n}|^{p})^{1/p}$ if $1\leq p<\infty$ ,
$\max(|x_{1}|, \cdots, |x_{n}|)$ if $p=\infty$ .
$N_{n}$ $\mathbb{C}^{n}$ absolute normalized norms
Lemma 3.1 $||\cdot||\in N_{n}$
$(B_{1})$ $||(0, x_{2}, x_{3}, \cdots, x_{n})||$ $\leq$ $||(x_{1}, \cdots, x_{n})||$ ,
$(B_{2})$ $||(x_{1},0, x_{3}, \cdots, x_{n})||$ $\leq$ $||(x_{1}, \cdots, x_{n})||$ ,...
$(B_{n})$ $||(x_{1}, x_{2}, \cdots, x_{n.-1},0)||$ $\leq$ $||(x_{1}, \cdots, x_{n})||$ .
$||\cdot||_{\infty}\leq||\cdot||\leq||\cdot||_{1}$ .
$\Delta_{n}=$ { $(s_{1},$ $s_{2},$ $\cdots$ , s l): $s_{1}+s_{2}+\cdots$ +s -l $\leq 1,$ $s_{i}.\geq 0(\forall i)$ }.
$||\cdot||\in N_{n}$
$\psi(s)=||(1-s_{1}-s_{2}-\cdots-s_{n-1}, s_{1}, \cdots, s_{n-1})||$ ($\forall s=(s_{1},$ $\cdots$ , s -l) $\in\Delta_{n}$ )
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$\psi$ $\Delta_{n}$ Lemma 3.1
$(A_{0})$ $\psi(0, \cdots, 0)$ $=$ $\psi(1,0, \cdots, 0)=\cdots=\psi(0, \cdots, 0,1)=1$ ,
$(A_{1})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(s_{1}+ \cdots+s_{n-1})\psi(\frac{s_{1}}{s_{1}+\cdots+s_{n-1}}, \cdots, \frac{s_{n-1}}{s_{1}+\cdots+s_{n-1}})$ ,
$(A_{2})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(1-s_{1}) \psi(0, \frac{s_{2}}{1-s_{1}}, \cdots, \frac{s_{n-1}}{1-s_{1}})$ ,
$(A_{n})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(1-s_{n-1}) \psi(\frac{s_{1}}{1-s_{n-1}}, \cdots, \frac{s_{n-2}}{1-s_{n-1}},0)$.
$n$
$\Delta_{n}$ $(A_{0}),$ $(A_{1}),$ $\cdots,$ $(A_{n})$
$\ell_{p}$-norm
$\psi_{p}(s_{1}, s_{2}, \cdots, s_{n-1})=\{$
$((1- \sum_{i=1}^{n-1}s_{i})^{p}+s_{1}^{p}+\cdots+s_{n-1}^{p})^{1/p}$ if $1\leq p<\infty$ ,
$\max(1-\sum_{i=1}^{n-1}s_{\dot{*}}, s_{1}, \cdots, s_{n-1})$ if $p=\infty$ .
Lemma 32 $\psi\in\Psi_{n}$ ,
$\frac{1}{n}\leq\psi_{\infty}(s_{1}, s_{2}, \cdots, s_{n-1})\leq\psi$( $s_{1},$ $s_{2},$ $\cdots$ , s l) $\leq 1$ $(\forall(s_{1}, s_{2}, \cdots, s_{n-1})\in\Delta_{n})$
Theorem 33([12]) $||\cdot||\in N_{n}$
$\psi(s)=||(1-s_{1}-s_{2}-\cdots-s_{n-1}, s_{1}, \cdots, s_{n-1})||$ $(\forall s=(s_{1}, \cdots, s_{n-1})\in\Delta_{n})$ (1)
$\psi\in\Psi_{n}$ $||\cdot||\in N_{n}$
$||(x_{1}, \cdots, x_{n})||_{\psi}=\{\begin{array}{l}(|x_{1}|+\cdots+|x_{n}|)\psi if(x_{1},\cdots,x_{n})\neq(0,\cdots,0)0if(x_{1},\cdots,x_{n})=(0,\cdots,0)\end{array}$
$||\cdot||_{\psi}\in N_{n}$ (1) $N_{n}$ $\Psi_{n}$ 1
1
Theorem 34([12]) $\psi\in\Psi_{n}$ $||\cdot||_{\psi}$ $\psi$
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4 $\mathbb{C}^{2}[perp]\emptyset$ absolute norm. $\emptyset$ smoothness
Definition4.1 $X$ Banach $X^{*}$ $X$ $x\in X,$ $x\neq 0$
$\alpha\in X^{*}$ $x$ norming functional
$||\alpha||=1,$ $\langle\alpha, x\rangle=||x||$
$D(X, x)$ $x$ norming functional Hahn-
Banach \vee ‘ $D(X, x)\neq\emptyset$ ( Banach $X$ smooth
( $x\in X,$ $x\neq 0$ ( $x$ norming functional {
Proposition 4..2 $X$ smooth $||\cdot||\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$ G\^ateaux
$x,$ $y\in X,$ $x\neq 0$
$\lim_{tarrow 0}\frac{||x+ty||-||x||}{t}$
$\psi\in$ 2 $t\in(0,1]$ & $\psi_{L}’(t)$ $t$ [ $\psi$ left derivative
$t\in[0,1)$ k $\psi_{R}’(t)$ $t$ ( $\# 7^{-}$ $\psi$ right derivative $G$
$G(t)–\{$
$[-1, \mathrm{t}/_{R})’(0)]$ , if $t=0$ ,
$[\psi_{L}’(t), \psi_{R}’(t)]$ , if $0<t<1$ ,
$[\psi_{L}’(1), 1]$ , if $t=1$
$(\mathbb{C}^{2}, ||\cdot||_{\psi})$ smooth $\psi$
$t\in[0,1]$ &
$x(t)= \frac{1}{\psi(t)}(1-t, t)\in \mathbb{C}^{2}$
$||x(t)||_{\psi}=1$ $x(t)$ norming functional
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Theorem 43([2]) $\psi\in\Psi_{2}$ . $t\in[0, 1]$
$D(\mathbb{C}^{2}, x(t))=1^{\{}$
$(\begin{array}{l}1c(1+a)\end{array})$ : $a\in G$. (0) $,$ $|c|=1\}$ , if $t=0$ ,
$\{(\begin{array}{ll}\psi(t)- at\psi(t)+a(1-t) \end{array})$ : $a\in G(t)\}$ , if $0<t<1$ ,
$\{(\begin{array}{l}c(1-a)\mathrm{l}\end{array})$ : $a\in G(1),$ $|c|=1\}$ , if $t=1$
} $x=(x_{0}, x_{1})\in \mathbb{C}^{2}(||(x_{0}, x_{1})||_{\psi}=1)$ norming functional
$t= \frac{|x_{1}|}{|x_{0}|+|x_{1}|}$
$\rho_{k}$ $x_{k}=$ $e^{i\rho k}|x_{k}|_{\text{ }}\rho_{k}\in[0,2\pi)$
$1=||(x_{0}, x_{1})||_{\psi}=(|x_{0}|+|x_{1}|)\psi(t)$
$x$ $=$ $(e^{i\rho 0}|x_{0}|, e^{i\rho 1}|x_{1}|)$
$=$ $(|x_{0}|+|x_{1}|)(e^{i\rho 0} \frac{|x_{0}|}{|x_{0}|+|x_{1}|},$ $e^{i\rho_{1}} \frac{|x_{1}|}{|x_{0}|+|x_{1}|})$
$=$ $\frac{1}{\psi(t)}(e^{i\rho 0}(1-t), e^{i\rho_{1}}t)$
$(\alpha_{0}, \alpha_{1})\in D(\mathbb{C}^{2}.x(\prime t))\Leftrightarrow(e^{-\dot{l}}\alpha_{0}, e^{-\dot{l}\rho 1}\alpha_{1})\rho 0\in D(\mathbb{C}^{2}, x)$.
$(\alpha_{0}, \alpha_{1})\in D(\mathbb{C}^{2}, x(t))$








Theorem 44 $\psi\in\Psi_{2}$ $(x_{0}, x_{1})$. $\in \mathbb{C}^{2}(||(x_{0}, x_{1})||_{\psi}=1)\}$
$t= \frac{|x_{1}|}{|x_{0}|+|x_{1}|}$
$\rho_{k}$ $x_{k}=e^{i\rho k}|x_{k}|_{\text{ }}\rho_{k}\in[0,2\pi)$
$D(\mathbb{C}^{2}, (x_{0}, x_{1}))=$
$1_{\{}$
$\{(\begin{array}{l}e^{-i\rho 0}c(1+a)\end{array})$ : $a\in G(0.),$ $|c|=1\}$ , if $x_{1}=0$ ,
$\{(\begin{array}{ll}e^{-i\rho \mathrm{o}}(\psi(t)- at)e^{-i\rho 1}(\psi(t)+a(1-t)) \end{array})$ : $a\in G(t)\}$ , if $x_{0}\cdot x_{1}\neq 0$ ,
$(\begin{array}{ll}c(1- a)e^{-i\rho 1} \end{array})$ : $a\in G(1),$ $|c|=1\}$ , if $x_{0}=0$
$(\mathbb{C}^{2}, ||\cdot||_{\psi})$ smooth $\psi\in\Psi_{2}$
Theorem 4.5 $\psi\in\Psi_{2}$ $(\mathbb{C}^{2}, ||\cdot||\psi)$ smooth $\psi$
$\psi$ $(0, 1)$ $\psi_{R}’(0)=-1,$ $\psi_{L}’(1)=1$
Remark 46 $\psi\in$. $\Psi_{2}$ ( $\varphi$
$\varphi(t)=\{$
$1-t$ , if $t<0$ ,
$\psi(t)$ , if $0\leq t\leq 1$ ,
$t$ , if $t>1$
$\mathbb{R}$
Theorem 4.7($\mathbb{C}^{2},$ $||\cdot$ |\mapsto smooth $\varphi$ $[0, 1]$
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5 $\mathbb{C}^{n}-\mathrm{h}\emptyset$ absolute norm (7) smoothness
$\mathbb{C}^{n}$ nor $\mathrm{n}\mathrm{g}$ functionals $n\geq 2$ $t=(t_{1}, t_{2}, \cdots, t_{n-1})\in$
$\Delta_{n}$ ( $t_{0}=1- \sum_{j=1}^{n-1}t_{j}$ ) {
$x(t)= \frac{(t_{0},t_{1},\cdots,t_{n-1})}{\psi(t)}\in \mathbb{C}^{n}$
[ $p_{0}=(0,0,0, \cdots, 0)$ , $p_{j}=(0,0, \cdots, 0, (j)1, 0,0, \cdots, 0)\in\Delta_{n},j=$
1, 2, . . . , $n-1,$ $I_{n}=\{0,1, \cdots, n-1\}$
$X$ Banach $C$ $X$ $f$ $C$ $\mathbb{R}$
$x\in C$
$f(x)=\{a\in X^{*} : f(y)\geq f(x)+\langle a, y-x\rangle, \forall y\in C\}$ .
$f(x)$ $x\in C$ $f$
$x(t)$ norming funciional
Theorem 5.1 ([8]) $\psi\in\Psi_{n}\text{ }$ $t=(t_{1}, t_{2}, \cdots, t_{n-1})\in\Delta_{n}$
$D(\mathbb{C}^{n}, x(t))$
$=\{(\begin{array}{l}e^{i\theta_{0}}(\psi(t)+\langle a,p_{0}-t\rangle)e^{i\theta_{1}}(\psi(t)+\langlea,p_{\mathrm{l}}-t\rangle)e^{\dot{\iota}\theta_{2}}(\psi(t)+\langle a,p_{2}-t\rangle)\vdots e^{\dot{l}\theta_{n-1}}(\psi(t)+\langle a,p_{n-1}-t\rangle)\end{array})$ : $a\in\partial\psi(t)\psi(t)+\langle a,’ p_{j}-t\rangle\geq 0\theta_{j}\in[0,2\pi)\theta_{j}=0forj\in I_{n}witht_{j}=0forj\in I_{n}witht_{j}=0forj\in I_{n}witht_{j}>0’,$ $|$
norming functional $\mathbb{C}^{2}$




$t\ovalbox{\tt\small REJECT}(t_{1}, t_{2}, \cdots, t_{n-1})\epsilon\Delta_{n}$
$\rho_{j}$
$x_{j}\ovalbox{\tt\small REJECT} e^{\rho_{j}}|x_{j}|,$ $\rho_{j}arrow[0,2\pi),$ $j\epsilon\ovalbox{\tt\small REJECT} 4_{1}$
$D(\mathbb{C}^{n}, x)$
$=\{(\begin{array}{l}c_{0}(\uparrow[)(t)+\langle a,p_{0}-t\rangle)c_{1}(\psi(t)+\langle a,p_{1}-t\rangle)c_{2}(\psi(t)+\langle a,p_{2}-t\rangle)\vdots c_{n-1}(\psi(t)+\langle a,p_{n-1}-t\rangle)\end{array})$ : $c_{j}=e^{-i\rho_{j}}\psi(t)+\langle a,’ p_{j}-t\rangle\geq 0a\in\partial\psi(t)|c_{j}|=1forj\in I_{n}witht_{j}>’ 0forj\in I_{n}witht_{j}=0forj\in I_{n},,$ $\}$ .
$(\mathbb{C}^{n}, ||\cdot||\psi)$ smoothness $\psi\in\Psi_{n}$ $\varphi$ $\mathbb{R}^{n-1}$
$\varphi(t)=\sup\{\begin{array}{llllllll} =(SS1 s_{2} \cdots’ s_{n-1})\in \Delta_{n}\psi(s)+\langle a,t- s\rangle a\in\partial\psi(s) . \psi(s)+\langle a,p_{j}-s\rangle\geq 0,j\in I_{n}\end{array}\}$
Remark 53 $\psi\in\Psi_{2}$
$\varphi(t)=\{$
$1-t$ , if $t<0$ ,
$\psi(t)$ , if $0\leq t\leq 1$ ,
$t$ , if $t>1$ ,
\mbox{\boldmath $\varphi$}(t) $=G(t),$ $\forall t\in[0,1]$
Lemma 5.4 $\varphi$
1. $\varphi$ $\mathbb{R}^{n-1}$ , $\varphi(t)<\infty(\forall t\in \mathbb{R}^{n-1})i$
2. $\varphi(t)=\psi(t)$ $(\forall t\in\Delta_{n})$ ;





4. $\varphi(\lambda p_{j})\leq|\lambda|+1,$ $(\forall\lambda\in \mathbb{R}, \forall j(1\leq j\leq n-1))$ ..
$\psi$ $\varphi$ Theorem 51
Corollary 55 $\psi\in\Psi_{n}$ $t=(\dot{t}_{1}, t_{2},-\cdot\cdot:, t\text{ }-1)\in\Delta_{n}$
$D(\mathbb{C}^{n}, x(t.)),=\{(e^{i\theta_{n-1(\psi(t)+\langle a,p_{n-1}-t\rangle)}}...\sim e^{\dot{l}\theta_{0}}(\psi(t)+\langle a,\cdot.p_{0}.-.t.\rangle)e^{\dot{l}\theta_{1}}.(\psi(t)+\langle a,p_{1}-t\rangle)e^{\dot{l}\theta_{2}}(\psi(t)+\langle a,p_{2}-t\rangle)i...\cdot).$
: $a\in.\partial\varphi(t)\theta_{j}\in[0,2\pi.’)\theta_{j}=0forj\in I_{n}\cdot witht_{\mathrm{j}}=0forj\in I_{n}.witht_{j}>0\backslash ,$ $\}$
. .
$(\mathbb{C}^{n},|:|\cdot’||_{\psi})$ smooth.
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